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Abstract

This thesis describes experiments which investigate ultracold atom ensembles in an
optical lattice. Such quantum gases are powerful models for solid state physics. Sev-
eral novel methods are demonstrated that probe the special properties of strongly
correlated states in lattice potentials. Of these, quantum noise spectroscopy reveals
spatial correlations in such states, which are hidden when using the usual methods of
probing atomic gases. Another spectroscopic technique makes it possible to demon-
strate the existence of a shell structure of regions with constant densities. Such co-
existing phases separated by sharp boundaries had been theoretically predicted for
the Mott insulating state. The tunneling processes in the optical lattice in the strongly
correlated regime are probed by preparing the ensemble in an optical superlattice
potential. This allows the time-resolved observation of the tunneling dynamics, and
makes it possible to directly identify correlated tunneling processes.

Zusammenfassung

In dieser Arbeit werden Experimente vorgestellt, in denen die Eigenschaften eines
ultrakalten atomaren Gases in einem optischen Gitterpotential untersucht werden.
Solche Quantengase sind sehr vielseitige Modellsysteme für Phänomene der Festkör-
perphysik. Um die besonderen Eigenschaften stark korrelierter Zustände in optischen
Gittern zu untersuchen, werden neuartige Methoden realisiert, die in dieser Form
erstmalig zum Einsatz kommen. So erlaubt es die Spektroskopie des Quantenrau-
schens in atomaren Ensembles erstmals, die Korrelationen in der räumlichen Dichte
eines solchen Zustands sichtbar zu machen. Mittels einer anderen spektroskopischen
Technik gelingt es ausserdem, die Existenz getrennter Phasen konstanter Dichte, die
sogenannte Schalenstruktur des Mott Isolators, direkt nachzuweisen. Die komple-
xe Dynamik von Tunnelprozessen im optischen Gitter im stark korrelierten Regime
wird durch Einsatz eines optischen Übergitters untersucht. Dadurch ist es möglich,
die Tunneldynamik zeitaufgelöst zu erfassen und korrelierte Tunnelprozesse direkt
zu beobachten.
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2.3 Quantum mechanics of particles in periodic potentials
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Figure 2.5: Wannier functions and the tight-binding limit: a and b show the Wannier function
amplitude and density, respectively, for a lattice depth of 8 ER. The blue curves correspond
the the lowest (first) band Wannier functions, the red curves to those of the second band. For
deeper lattices, as shown in the corresponding plots c and d for a lattice of 30 ER depth, the
Wannier functions are more strongly localized to the potential minima and the overlap with
neighboring sites is reduced. The lattice potential is shown in gray. The wave functions have
been offset for clarity.

are formally defined from the set of Bloch waves φn
q such that

φn
q(x) = ∑

j
w(n)

j (x− xj)ejqx, (2.14)

where q denotes the quasimomentum of the Bloch wave. The resulting functions for
lattice depths of 8 ER and 30 ER are shown in figure 2.5. They form an orthonormal
basis for the wave functions in a periodic potential, therefore the hamiltonian can be
expressed in terms of the these functions as an alternative to the Bloch functions in
order to obtain a description based on local properties.

Tight-binding limit

For shallow lattices, Wannier functions are not very localized and have significant
overlap with many of their neighbors. In this case the localized Wannier basis is of
little use, and it is usually easier to work in the Bloch basis. The situation is opposite
for deep lattices, where the Wannier functions are tightly localized and usually only
the coupling to the nearest neighbors is important. This is obtained by writing the
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2 Ultracold atoms in optical lattice potentials

hamiltonian in the Wannier basis as

H = − ∑
i,j,m,n

J(m,n)
i,j â(m)†

i â(n)
j (2.15)

Here, J(n,m)
ij denotes the exchange integrals

J(m,n)
ij =

∫
w∗m(x− xi)

(
−h̄2

2m
∇2 + Vlat(x)

)
wn(x− xj)dx (2.16)

and â(n)†
i is the operator creating a particle in the Wannier function localized at site i

for the band n.
We will assume from now on that the system is cold enough that only the lowest

band is significantly occupied, and therefore drop the band indices. By inserting
the Bloch eigenstate basis, the hamiltonian is diagonalized and one obtains that 2Jij
corresponds to the (i− j)th Fourier component of the dispersion relation ε(q) [18].

For increasing lattice depths, the situation can be drastically simplified as the over-
lap integrals Jij drop very fast with the distance of the sites i and j, and the dispersion
relation ε(q) approaches a sinusoidal function. Neglecting an overall energy offset,
one now can assume that Ji,j = J if i and j denote neighboring sites, and Ji,j = 0 oth-
erwise. J is value of the corresponding exchange integrals (usually termed “tunnel
coupling”). In this tight binding approximation, the hamiltonian simplifies to

H = −∑
〈i,j〉

Jâ†
i âj, (2.17)

where 〈i, j〉 denotes pairs of nearest neighbors i, j. It has an energy spectrum of

ε(q) = −2J(1− cos(q · a)), (2.18)

so that the tunnel coupling J between neighboring sites in this approximation is di-
rectly related to the band width of the energy spectrum [72]

|J| ≈ ε(q)max − ε(q)min

4
.

2.3.2 Bose-Hubbard description for deep potentials

In the regime of deep lattices where the wave functions are strongly localized and the
dynamics is restricted to tunnel processes between neighboring wells, it is straight-
forward to describe the system completely in terms of local properties and processes,
including the interactions. This approach is followed in the Hubbard model [3], orig-
inally developed for electrons and therefore fermionic particles. Its bosonic variant,

20



2.3 Quantum mechanics of particles in periodic potentials

the Bose-Hubbard model, uses the same approach but employs bosonic instead of
fermionic operators [4].

The Bose-Hubbard hamiltonian is written in terms of the annihilation and creation
operators âi and â†

i for particles in a lattice site i to describe the local on-site interaction
and nearest neighbor tunneling:

Ĥ = − ∑
<i,j>

Jâ†
i âj + ∑

i
Ein̂i − µn̂i +

1
2

U(n̂i(n̂i − 1)) (2.19)

Here, n̂i = â†
i âi is the number operator which determines the occupation of site i.

The meaning of the four terms can be described as follows:
The first term corresponds to the kinetic energy of the particles in the tight-binding

approximation as introduced in the previous section. It describes the dynamics in
terms of the tunneling matrix element J, the tunneling rate between neighboring
sites, neglecting direct tunneling over several sites. Usually only the lowest band
is included, but the model can in principle also be used with higher bands, and the
hamiltonian can be extended to a multi-band description. Values of J for typical ex-
perimental parameters are shown in figure 2.6. In the second term, the effect of an
external potential is taken into account, which creates an energy offset Ei at site i.
Usually, these offsets will be given by the external confining potential.

The next term introduces a chemical potential µ, creating a grand canonical de-
scription where the particle number is not fixed. For a given set of parameters, the
atom number is set by the chemical potential. Finally, the last term of the hamiltonian
describes the interaction between the particles. It includes only interactions between
particles on the same lattice site and neglects all others. However, non-local interac-
tions could be introduced by adding an additional interaction term. For atoms like
87Rb, where the collisional point-contact interaction is by far the dominating mecha-
nism, this is typically neglected.

The on-site interaction parameter U, also shown in figure 2.6, describes the energy
shift due to the collisional interaction between two atoms localized on the same site.
For a point-contact interaction and assuming a known on-site wave function w(x),
this energy is evaluated in the same way as the interaction integral in the mean field
case discussed in section 2.1:

U = g ·
∫
|w(x)|4dx (2.20)

This makes the assumption that the on-site wave function of each of the two atoms is
the same as that of a single atom. It neglects any changes to the wave function that
the interactions can induce. Taking the repulsive interaction into account leads to a
broadened wave function and modified particle-particle correlations. For low occu-
pation numbers n this effect is relatively small in the case of 87Rb, but can become
significant for n ≥ 4 [73]. Such modifications to the wave functions also affect the
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2 Ultracold atoms in optical lattice potentials
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Figure 2.6: Tunnel coupling J and interaction energy U for different lattice depths. Increasing
the lattice modulation leads to an increase in U (dashed) and an exponential decrease in J
(solid, a). The ratio between the two varies over many orders of magnitude for typical ex-
perimental parameters (b). In both plots, the black line corresponds to the parameters for the
lowest band, red lines to the values relevant for the first excited band.

tunneling parameter J. Calculations which do take modifications of the wave func-
tions into account result in corrections to the parameters U and J on the order of 3-5%
for strongly localized 87Rb atom pairs in a lattice with typical parameters [74–76].

2.3.3 Superfluid to Mott insulator transition

In order to illustrate the properties of systems described by the Bose-Hubbard hamil-
tonian eq. 2.19, we will discuss the important limiting cases. We first assume a ho-
mogeneous system without any potential apart from the periodic lattice (i.e. Ei = 0).
Therefore, for a given mean atom number per site n̄, the ground state properties of
the hamiltonian are completely determined by the parameters J and U.

Superfluid state

In the weak interaction limit U ≈ 0, the system can be described as a Bose-Einstein
condensed state in an optical lattice potential — all atoms are in the lowest energy
single-particle state of this potential. This is the Bloch wave with zero momentum
in the lowest band. To analyze this in terms of the Bose-Hubbard hamiltonian, we
describe the wave function in terms of the states of the lattice sites.

The ground state wave function, given by the zero momentum Bloch wave, is the
sum of the Wannier wave functions (eq. 2.14) at each lattice site i with constant phase

|Ψ〉 = α ∑
i

â†
i |0〉,

with the normalization factor α. This yields the ground state for N particles on M

22



2.3 Quantum mechanics of particles in periodic potentials
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Figure 2.7: The Bose-Hubbard model has two very distinct phases for T = 0 . The Mott
insulator state for low J has a well-defined occupation number on each site, but no global
phase coherence, so no interference can occur for the matter wave (a). The schematic phase
diagram (b) shows the phase boundaries as blue lines as well as the two states shown marked
in red. The color shading from blue to white in (b) indicates increasing on-site density. In the
superfluid state, the phase is well-defined for all sites, resulting in an interference pattern in
the matter wave created when releasing the atoms to free space (c). The on-site atom numbers
in this state are Poisson distributed.

lattice sites

|Ψ〉N ∝
1√
M

(
M

∑
i=1

â†
i

)N

|0〉.

In the limit of a large system size M, N → ∞ with constant average occupation
n̄ = N/M, this state becomes separable into a product of single site states. At each
site i, a superposition of Fock states |k〉i = (â†

i )
k |0〉 with all possible occupations

k is present. This is illustrated in figure 2.7c — while the average density is well
defined and constant over the lattice, the atom number determined by measuring
each individual site is randomly distributed.

In this situation the ground state is the state |Ψ〉 for a given average on-site particle
number n̄ which maximizes 〈Ψ|∑<i,j> â†

i âj|Ψ〉 for neighboring sites i and j. For a
state |Ψ〉 = ∏i|Ψ〉i consisting of a product of states |Ψ〉i for each site i this is the case
for |Ψ〉i which are eigenstates of the operators â†

i and âi. An appropriate basis for this
is given by the coherent states or Glauber states [4, 77]

|Ψ(n̄)〉i = e−|αi|2/2
∞

∑
n=0

αi
n

√
n!
|n〉i, (2.21)

where αi denotes the wave function phase and the expectation value of the atom
number n̄ = |αi|2 at site i. The ground state has constant phase and constant density
throughout the lattice:

|Ψ(n̄)〉 = ∏
i

e−|α|
2/2

∞

∑
n=0

αn
√

n!
(â†

i )
n|0〉 (2.22)
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2 Ultracold atoms in optical lattice potentials

This ground state of the system when the on-site interaction U is small compared
to the tunneling strength J is commonly named the superfluid state, as there is no
resistance to mass flow.

Mott insulator state

When increasing the interaction relative to the tunneling strength, the properties of
the system change drastically. With increasing U, the system reaches a quantum crit-
ical point which marks the transition from the superfluid to the Mott insulator. The
position of this point varies with the filling of the sites. For a filling of n = 1, mean-
field theory predicts it at U/J = 5.8 · z, where z is the number of nearest neighbors
of a given site [4, 78–80]. Newer calculations taking corrections to the mean-field ap-
proach into account report different values. Recently, a critical ratio of U/J = 4.89 · z
has been obtained by three-dimensional lattice Quantum Monte Carlo calculations
(see [81] and references therein). For large occupation numbers, the critical ratio ap-
proaches U/J = z · 4n [82]. At sufficiently low temperatures, the transition itself is a
quantum phase transition, which is not driven by thermal fluctuations [83].

Figure 2.7b schematically shows the phase diagram of the T = 0 Bose gas in the µ–J
plane. For large J the system is superfluid, whereas for low J there exist a number
of distinct areas (“Mott lobes”) in which the system is insulating [4]. The density in
each of these Mott lobes is an integer number of particles per site, determined by the
chemical potential. For J = 0, the Mott lobes are not separated by a superfluid phase,
and the density undergoes discrete steps when increasing the chemical potential.

This limiting case can be easily understood. Since the interaction energy for a given
site scales quadratically with site occupation, fluctuating site occupations increase the
total interaction energy, and the ground state of a system with an integer average
filling n is given by a product of identical Fock states

|Ψ〉 ∝ ∏
i
|n〉i,

where the atom number on each site i is exactly n (fig. 2.7a).
In homogeneous systems, the average filling n̄ could also be non-integer, in which

case the ground state is more complicated, but can be described as a Mott insulator
with an occupation bn̄c coexisting with a hard core gas of strongly interacting bosons
with an average density of n̄− bn̄c < 1. Here, bxc denotes the largest integer value y
such that y ≤ x.

With a fixed atom number on each site in the Mott insulator state, the conjugate
variable which is the phase of the wave function on each site has the maximum un-
certainty. It is completely undefined, so no interference can occur between the matter
waves released from these sites (fig. 2.7a). This is in strong contrast to the superfluid
case where the phase is well-defined throughout the whole ensemble.
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2.3 Quantum mechanics of particles in periodic potentials

While the global phase coherence is completely lost in the Mott insulator due to the
localization of the atoms, locally this is not entirely the case. Due to the fact that J is
small compared to U, but necessarily finite in order to obtain equilibrium, corrections
to the ground state beyond leading order create a small admixture of particle/hole
pairs. For weak tunneling these pairs are very localized such that the hole and par-
ticle admixtures are on neighboring sites. This local coherence can be detected by
analyzing the corresponding weak interference between atoms released from the lat-
tice (see section 3.2.1) which persists even in the Mott insulating regime. Deep in the
insulating regime, interference pattern is further suppressed proportionally to J/U
as J/U→0 [84, 85].

2.3.4 The influence of the confining potential

In the real lattice potential, the system is not homogeneous but has a finite size. It
is confined by the parabolic magnetic trap as well as the overall profile of the laser
beams which produce the lattice potential. This latter confinement is created by the
attractive potential of each red-detuned beam along the two axes orthogonal to its
propagation direction. As the size of the beams is typically much larger than the size
of the atom cloud, the potential can usually be described as a homogeneous periodic
lattice potential with an additional harmonic confinement. Locally, on each site the
chemical potential is therefore reduced by the potential energy shift of that specific
site. It consists of two parts, one being the external confining potentials such as from
the superimposed magnetic trap, and the other from the local zero point energy of the
lattice site (1/2h̄ωs). Close to the center of the trap, these can typically be combined to
a parabolic confinement. This results in a total potential energy Ei of site i at position
(xi, yi, zi) as

Ei =
1
2

m(Ω2
xx2

i + Ω2
yy2

i + Ω2
zz2

i ),

for a harmonic confinement with trap frequencies Ω{x,y,z} along the x, y and z axes.

Superfluid Case

In the weakly interacting case, the situation is comparable to the situation without the
periodic potential: Within the given band, the kinetic energy is reduced compared to
the case without the lattice, due to the reduced curvature of the dispersion relation1.
The external potential then reduces the local chemical potential in the same way as in
the Gross-Pitaevskii equation, and we arrive again at the Thomas-Fermi distribution
in the weakly interacting limit. The on-site wave function is described by the coher-
ent states which minimize the dominating tunneling term. The average occupation

1The very large kinetic energy component due to the zero-point on-site energy can be subtracted as
it is only a constant offset.
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2 Ultracold atoms in optical lattice potentials
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Figure 2.8: Geometry of the superfluid phase in the lattice with confinement (black line in
a). The atoms are delocalized over the lattice, with the local density of the wave function
shown in dark blue. Its global shape is given by the Thomas-Fermi distribution (red dashed
line). The ensemble occupies a range of points in the schematic phase diagram (red line), as
the chemical potential changes with the distance from the center of the trap (red circle). The
resulting density distribution in a 2D plane of the cloud is the Thomas-Fermi distribution (c).

number is determined by minimizing the local potential energy and chemical poten-
tial terms. For a given chemical potential µ, minimizing each site individually then
yields

n̄TF
i =

µ− Ei

U
(2.23)

for all sites with µ ≥ Ei. For sites with µ < Ei, n̄ = 0 to exclude negative densities.
For Ω{x,y,z} = Ω, this results in the Thomas-Fermi distribution

n̄TF
i = n0 max(0, 1− (x2 + y2 + z2)/R2

TF). (2.24)

Here RTF is the Thomas-Fermi radius such that the potential energy at this radius
equals the global chemical potential, and n0 = µ/U is the central density.

2.3.5 Mott insulator in confining potential: the shell structure

In the limit of U � J, the tunnel coupling can be neglected even for the determination
of the on-site states. Now the complete distribution is determined solely according
to the interactions and the potential energy terms. Like in the homogeneous case,
fluctuations of the on-site occupation are suppressed due to the quadratic term in
the interaction energy. In contrast to the homogeneous case with a fixed average
site occupation, however, the ensemble in the trap, where only the global chemical
potential is fixed, is not forced to non-integer occupation numbers. The hamiltonian
with neglected tunneling term

H = ∑
i

Ein̂i − µn̂i +
1
2

U(n̂i(n̂i − 1))
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2.4 Shell structure at non-zero temperatures
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Figure 2.9: Mott insulator in a confining potential. Each atom is confined to a single site of the
potential (a), with the energetically lowest lying sites occupied first. The chemical potential
changes with the distance from the trap center, and different parts of the ensemble can be in
different phases of the schematic phase diagram (b). The result is a shell structure of regions
with constant density phases (c).

is then minimized for a filling

ni =
⌊

µ− Ei

U
+ 1
⌋

,

for µ > Ei and ni = 0 otherwise. In the case of a parabolic and spherically symmetric
confinement, the density therefore decreases in discrete steps from the center to the
edge of the cloud. The outer edge of the distribution is defined by µ = Ei. For a
parabolic confinement with trap frequency Ωt, Ei = 1

2 mΩ2
t r2

i , where ri is the distance
of the site i from the trap center. The cloud therefore has an overall radius

R =
√

2µ/m/Ωt.

Outside the sphere of radius R, there are no atoms. Inside the sphere, all sites
are occupied by at least one atom. The condition for occupation of a site with more
than n atoms is µ > (n− 1)U − Ei. These regions are again spherical with an outer
radius Rn =

√
2(µ− n ·U)/m/Ωt. The density distribution is therefore a series of

concentric shells around the trap center, with an occupation n within the interval
Rn−1 to Rn.

The density as a function of the distance from the center of the parabolic trap and
within a two-dimensional plane through the center is shown in figure 2.9. Due to the
shape in the 2D plane, this distribution is often described as the “wedding cake struc-
ture”. For small but finite J, the Mott shells are separated by regions with superfluid
properties.

2.4 Shell structure at non-zero temperatures

The temperature of a quantum gas in the strongly correlated state is a very important
parameter for the correct description of the state of the ensemble. Unfortunately, for
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2 Ultracold atoms in optical lattice potentials

systems in interesting parameter ranges, it is notoriously hard to measure. For weakly
interacting quantum gases, the temperature is typically determined by measuring the
momentum distribution by a ballistic expansion. The temperature is derived from the
wings of the distribution, outside the Thomas-Fermi part of the cloud. For the very
low temperatures discussed here this is already hard, due to the very small fraction
of atoms in this “thermal part” of the distribution. It is not possible in the strongly
correlated regime in the optical lattice, since the momentum spectrum in the lowest
band is flat, and the interactions lead to a momentum spread over the full Brillouin
zone even at zero temperature.

The finite temperature state of the ensemble for very low temperatures can usually
described in terms of the ground state with a small fraction of excitations. In the
following we will analyze the thermodynamics of fully localized bosons in the deep
optical lattice, showing the effect of the dominant excitations in that regime [86]. In
reverse, this highlights a way to measure the temperature without relying on the
momentum distribution.

In the limit of negligible J, we can describe the ensemble of particles purely in terms
of the chemical potential µ, the interaction energy U and the external potential Ei at
position i. Particle exchange between the sites is allowed, but since we assume a
negligible energy scale for tunnel coupling, the thermodynamical partition function
of the ensemble can be separated into individual single site partition functions:

zi =
∞

∑
ni=0

exp (−β (U · ni(ni − 1)/2− (µ− Ei)ni)) (2.25)

Here, U · ni(ni − 1)/2 is the total interaction energy in the site i, β = 1/(kBT), and
the summation is over all occupation numbers ni on this site.

The probability of the number state |n〉i is then given by

Pi(ni) =
1
zi

exp (−β (U · ni(ni − 1)/2− (µ− Ei)ni)) (2.26)

And the average occupation is ∑ni
ni · Pi(ni).

The result of such a calculation for trap geometries analog to those in the experi-
ment is shown in figures 2.10 and 2.11 for atom numbers Ntot = 1.0 · 105and Ntot =
10 · 105, respectively. The four columns represent the results for four different tem-
peratures. The rows of graphs show some specific resulting observables which can
be measured experimentally. In the experiments presented in this thesis, only den-
sity distributions which are integrated along one or more coordinate axes can be ob-
tained. Therefore, the top row of graphs shows the 3D distribution, whereas in the
other rows, each distribution shown is derived from the previous one by integrating
along one of the remaining coordinate axes. In the last row only total populations
integrated of the full ensemble are given.
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